Abstract. In this paper, we prove several inapproximability results on the P3-convexity and the geodetic convexity on graphs. We prove that determining the P3-hull number and the geodetic hull number are APXhard problems. We prove that the Carathéodory number, the Radon number and the convexity number of both convexities are O(n 1−ε )-inapproximable in polynomial time for every ε > 0, unless P=NP. We also prove that the interval numbers of both convexities are W [2]-hard and O(log n)-inapproximable in polynomial time, unless P=NP. Moreover, these results hold for bipartite graphs in the P3-convexity.
Introduction
Convexity spaces form a classical topic, studied in some different branches of mathematics. The study of convexities applied to graphs has started later, about 50 years ago. Then the convexity parameters motivated the definition of some graph parameters, whose study has been one of the central issues in graph convexities. In particular, complexity aspects related to the computation of these parameters has been the main goal of various recent papers.
Let G be a simple finite graph, with vertex set V (G), a graph convexity on
The subsets C ∈ C are called convex sets. The convex hull of a subset S ⊂ V (G) is the smallest set hull C (S) in C containing S. If hull(S) = V (G), we say that S is a hull set.
Next, we describe some graph parameters related to a graph convexity. The hull number hn(G) of G is the size of a minimum hull set. The convexity number cx(G) is the size of the maximum convex set distinct from V (G).
The Carathéodory number cth(G) is the smallest integer c such that for every set S and every vertex u ∈ hull(S), there is a set F ⊆ S with |F | ≤ c and u ∈ hull(F ). A set S of vertices of G is a Carathéodory set of C if the set ∂hull(S) defined as hull(S) \ u∈S hull(S \ {u}) is not empty. This notion allows an alternative definition of the Carathéodory number of C as the largest cardinality of a Carathéodory set of C.
The Radon number rd(G) is the minimum k such that every subset V of V (G) of size at least k has a Radon partition, which is a partition (
is the size of a maximum anti-Radon set plus one, where a set is anti-Radon if it has no Radon partition.
Clearly, the computation of these parameters for a graph would depend on the particular convexity being considered. Several well known graph convexities C are defined using some set P of paths of the underlying graph G. In this case, a subset S of vertices of G is convex, that is, belongs to C, if for every path P in P whose endvertices belong to S also every vertex of P belongs to S. When P is the set of all shortest paths in G, this leads to the geodetic convexity [7, 15, 16, 22, 24] . The monophonic convexity is defined by considering as P the set of all induced paths of G [17, 20, 23] . The set of all paths of G leads to the all path convexity [12] . If P is the set of all induced paths of length ≥ 3 leads to the m 3 convexity [13] . Similarly, if P is the set of all triangle paths in G, then C is the triangle path convexity [11] . When P is the set of all paths of length two we have the P 3 convexity. The P 3 convexity was first considered for directed graphs [21, 25] . For undirected graphs, the P 3 convexity was studied in [5, 8, 9] .
The P 3 -interval of a set S ⊆ V (G) is S plus every vertex outside S belonging to some path P between two pairs of vertices in S. The interval number in(G) of a graph G is the minimum cardinality of a set S ⊆ V (G) such that I(S) = V (G).
Regarding the P 3 -convexity, it was proved that the following parameters are NP-hard: hull number, Radon number, convexity number, interval number and Carathéodory number [5, 6, 8, 10] . Regarding the geodetic convexity, it was proved that the same parameters are also 14, 15, 18] .
In this paper, we improve these results by proving the following for the P 3 -convexity and the geodetic convexity:
-The hull number is APX-hard; -The Carathéodory number, the Radon number and the convexity number are O(n 1−ε )-inapproximable in polynomial time for any ε > 0, unless P=NP; -The interval number is O(log n)-inapproximable in polynomial time, unless P=NP.
Moreover, these results hold for bipartite graphs in the P 3 -convexity.
In the following sections, we follow the terminology in [3] for the terms: APreduction, L-reduction and performance ratio (which are also defined in the appendix). We also use the following notation: given an optimization problem P , let opt P (I) denote the optimal solution value for some instance I of P and, for a solution S of I, let val P (I, S) denote the associated value.
Finally, in this work we present only the sketch of the proofs due to limitation of the number of pages.
